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make predictions based on an average of their predictions. The great successes have
attracted much attention on theoretical understandings of random forests, mostly focusing
on regression problems. This work takes one step towards the convergence rates of random
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Consistency rate O (n~1/@+2 (Inn)1/@+2)) for the variant of random forests, which reaches the minimax

rate, except for a factor (Inn)!/@+2)_ of the optimal plug-in classifier under the L-Lipschitz
assumption. We achieve the tighter convergence rate O(/Ilnn/n) under some assumptions
over structural data. This work also takes one step towards the convergence rate of random
forests for multi-class learning, and presents the same convergence rates of random forests
for multi-class learning as that of binary classification, yet with different constants. We
finally provide empirical studies to support the theoretical analysis.
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1. Introduction

From the pioneer work [12], random forests have been regarded as one of the successful ensemble algorithms in machine
learning, which construct a large number of random trees individually and then make predictions based on an average of
their predictions. This idea is partly motivated from geometric feature selection [2], random subspace [33], random split
selection [23], as well as earlier ensemble decision trees [38]. Random forests have achieved good performance empirically
[10,12,25,56], and have been involved in diverse applications such as ecology [18], computational biology [48], computer
vision [16], objection recognition [55], remote sensing [7], and so on. Numerous variants have been developed to improve
performance and reduce computational costs [4,6,19,30,39,40,44,51,60,66]. For an overview of random forests, we refer
readers to the works of [10,17,28].

Empirical successes have attracted much attention on theoretical explorations of random forests. Breiman [12] presented
the generalization bounds for random forests based on the correlation and strength of individual random trees, followed by
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consistency analysis of a simple model of random forests [13]. Lin and Jeon [41] established a connection between random
forests and adaptive nearest neighbors, and Meinshausen [43] studied consistency of random forests for regression in the
context of conditional quantile predictions. The consistency results place random forests in a favored category of ensemble
algorithms [8,9,46,52,53,59]. Denil et al. [20] narrowed the gap between theory and practice of random forests for regression,
and Goetz et al. [31] proposed an active learning algorithm for non-parametric regression using random forests. Li et al. [40]
derived non-asymptotic bounds on the expected bias of MDI importance for random forests, along with variable importance
[35,42]. Tang et al. [58] discussed when random forests fail and examined the influences of parameters over performance.
Most previous studies focus on the theoretical understandings of random forests for regression problems.

For classification, Biau et al. [9] took a crucial milestone on the consistency of randomized ensemble classifiers, and Denil
et al. [19] showed the first consistency of online random forests. For a full understanding, however, it is necessary to take
one further step towards the convergence rates of random forests for classification, which would be beneficial to design
better random forests, and comprehend the effects of different splitting mechanisms during the constructions of random
forests for classification.

This work takes one step towards convergence rates of random forests for classification, and the main contributions can
be summarized as follows:

e We present the first finite-sample rate on the convergence of purely random forests, which were proposed originally
by Breiman [11]. Specifically, a convergence rate O(n~1/®4+2)) is derived for binary classification by selecting leaves
number k = 0 (n*¥/#4+1)) where n and d denote the size of training data and dimension, respectively. This rate can be
further improved to be of 0 (n~1/G-874+2)y if we instead split a leaf along the dimension at the midpoint of the chosen
side. As a by-product, we present the convergence rates between random forests and individual random trees, and make
a better estimate on the height of random trees than was previously known.

e We introduce another simplified variant of random forests, which follows Breiman’s original random forests [12] but
with different mechanisms on splitting dimensions and positions. We derive a convergence rate O (n~1/@+2) (Inn)1/(@+2))
for the simplified random forests, which reaches the minimax rate, except for a factor (Inn)!/@+2 of the optimal plug-
in classifiers under the L-Lipschitz assumption. We finally achieve the tighter convergence rate O(,/Ilnn/n) under some
assumptions over structural data, which sheds insights on random forests by correlating randomization process with
data-dependent tree structure.

e We further study the convergence analysis of random forests for multi-class learning, and achieve the same convergence
rates of random forests for multi-class learning as that of binary classification, yet with different constants. To our
knowledge, this presents the first convergence analysis for multi-class learning under only the L-Lipschitz assumption,
and the proofs are rather technical. Relevant results may present independent interests on the convergence analysis of
other multi-class algorithms and problems.

e We finally provide empirical studies to support our theoretical analysis.

1.1. Related work

A large number of variants of random forests have been developed for different problems and settings during the past
decades. Geurts et al. [30] introduced the extremely randomized trees and Amaratunga et al. [1] provided the enriched random
forests for DNA microarray data of huge features. Menze et al. [44] presented the oblique random forests for multivariate trees
by explicitly learning the optimal split directions with linear discriminative models. Clémencon et al. [14] introduced the
ranking forests based on aggregation and feature randomization principles for bipartite ranking. Athey et al. [4] developed
a flexible and computationally efficient algorithm for the generalized random forests. A general framework is presented
in [63] on various splitting criteria for random forests based on loss functions. Zhou and Feng [65,66] proposed gcForest
with performance highly competitive to deep neural networks. Online random forests have also been developed with strong
theoretical guarantees [19,39,46,57].

For regression, much attention has been paid on the L%-consistency of random forests with relevant variants [3,8,20,
27,43,53]. In particular, Scornet et al. [53] proved the first ]L%-consistency of Breiman’s original random forests based on
some assumptions such as additive regression functions and uniform distribution over instance space X. The crucial analysis
technique is the classical decomposition of variance and bias for random forests regression, whereas it is difficult to make
such decomposition for random forests in classification. Moreover, the stopping-splitting criteria are different for random
forests classification and regression, as shown in Algorithm 1 and work [53], respectively. We do not directly compare the
convergence rates of random forests for regression and classification due to different settings and performance measures.

For classification, Biau et al. [9] made a crucial milestone on the consistency of some randomized ensemble classifiers
such as purely random forests. The key technical tool is the general consistency theorem for partition classifiers [22, Theo-
rem 6.1], that is, partition classifiers are consistent if the followings hold in probability (written with our notations),

v(C(x)) - 0 and |C(x) N Sp| — +o00 as n — 400,

where v(C(x)) denotes the diameter of the leaf or rectangular cell C(x). Based on this result, some variants of random
forests classifiers have been proven to be consistent such as online random forests [19] and Mondrian forests [46]. Our
work presents the convergence rates of random forests for classification based on different analysis techniques.
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Mourtada et al. [46] presented the consistency of online Mondrian forests classifiers from [22, Theorem 6.1], and derived
the minimax rate O (n~'/@+2)) for plug-in classifiers based on the estimation of conditional probability, that is, they took an
average of conditional probabilities calculated by individual Mondrian trees. This is different from random forests classifier,
which takes a majority over the predictions made by individual random trees. Wang et al. [61,62] proposed the novel
Bernoulli random forests with theoretical consistency and empirical supports.

The rest of this work is organized as follows: Section 2 shows the convergence rates between random forests and indi-
vidual random trees. Section 3 presents the convergence rates of purely random forests with its variants. Section 4 provides
the convergence rates of the simplified variant of Breiman’s random forests. Section 5 gives the convergence rates of random
forests for multi-class learning. Section 6 presents the detailed proofs of our theoretical results. Section 7 conducts empirical
studies. Section 8 concludes with future work.

2. Convergence rates between random forests and random trees

We begin with some notations used in this work. Let B(p) be a Bernoulli distribution with parameter p € [0, 1], and
U(a, b) represents a uniform distribution over the interval [a, b]. We denote by M (p1, p2,---, pn) the multinomial distribu-
tion with parameters p1, p2,---, pn €10, 1] and p1+ p2 +---+ pn = 1. For positive f(n) and g(n), we write f(n) = 0(g(n))
if there exist two constants c,ng € (0, +00) such that f(n) <cg(n) for n > ng. For integer n > 0 and real r, we introduce
[n]:={1,2,---,n} and let |r] denote the largest integer which is no more than r. Denote by Euler’s constant e =2.718---

Let X € [0,1]¢ and ) = [t] denote the instance and label space, respectively, and this work focuses on binary classifi-
cation (tr =2) and multi-class learning (t > 2). Suppose that D is an underlying (unknown) distribution over the product
space X x ), and let Dy be its marginal distribution over instance space X'. Denote by

njx) =Prly = jlx] for jelt]

the conditional probability of y = j over instance x w.r.t. distribution D, and Zfﬂ nj@ =1.
Given a hypothesis h: X — ), we define the classification error over distribution D as

T
Rp()= Pr_[h(x)#y]=Ey~pllh(®) # Y11 = Exy > nj@TIhx) # j]
. =
Here, I[-] denotes the indicator function, which returns 1 if the argument is true and 0 otherwise. Hence, the optimal Bayes’
error (the minimum of classification error) and the optimal Bayes’ classifier can be given, respectively, by

R}, = Ex [min{l — nj(x)}] and h}(x) = argmax{n;(x)},
Jjelr] jelrl
where ties are broken arbitrarily.
Notice that distribution D is unknown in practice, and what we observe is a training data

Sn={(xl’yl)a(X27y2),---7(xn,.3/n)} ’

where each example is drawn independently and identically (i.i.d.) from distribution D. Our goal is to learn a classifier fln
from the trammg data S, of smaller classification error. As the training data size n increases, we could obtain a sequence of
classifiers h1, hz, . ,h . A sequence of classifiers {h }52 1 is said to be consistent if Esn[RD(hn)] — R as n— oo.

Random forests classnﬁer fm(x) takes a majority vote over m individual randomized trees fs, o,(®), fs,0,X),...,
fs,,0, (), that is,

fm<x)—argmax{ZH fs,.o(x)—J]} (1)
jeltl \izg
where ties are broken arbitrarily. The random vectors ®1, ®,, ..., ®y are distributed identically and independently, and
characterize the mechanisms of random selections of splitting leaves, dimensions, and positions during the construction
of randomized trees. The random vectors ®1, ®,,..., ®, will be specified according to different random forests in the
subsequent sections.

We first present the following relationship of convergence rate between random forests classifier and individual random
tree classifier, and the detailed proof is presented in Section 6.1.

Lemma 1. Let fp,(x) be the random forests classifier given by Eqn. (1), and fs, o () denotes a classifier of individual tree with respect
to random vector ®. We have

Ee,,..onRD(fm@®)] — Rp < T(Eo[Rp(fs,,0®)] — Rp) .
where T is the number of labels in classification.
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This lemma shows that the convergence rate of a random forests classifier fr(x) is no more than t-times that of
individual random tree classifier fs, (), and the convergence rate of random forests is obtained from the expectation of
convergence rates of individual trees, which can be viewed as an average of convergence rate of all individual random trees.

Lemma 1 recovers the convergence rate for binary classification [26, Lemma 1] when 7 =2. If Eg[Rp(fs,,0(X))] — R},
then we have Eg,, . o,[RD(fm(x))] — Rk, therefore, the consistency of random forests follows from the consistency of
individual random tree. Such result also recovers the consistency results for binary classification [9, Proposition 1] and for
multi-class learning [19, Proposition 1], and what’s more, our lemma could present its convergence rate.

Notice that Lemma 1 is almost tight without additional assumptions, which can be shown by the following example:

Example 1. We consider binary classification with label space ) = {0, 1}. For n € (0,1/4) and § € (0,1/2), we suppose
11 (®) =Pr[y =1|x] =1/2+47n and Pre [ fs, 0 (%) = 1|x] = 1/2—§ for every x € D. We have Eg [Rp (fs,.0)] — R} = n(1-26)
and it also holds that

......

where the last inequality holds from the Chernoff bounds [34]. By setting § = 1/m'/4, we have
Eo,,...om [RD (fm)] — R =2n=1(Ee [Rp (fs,.0)] —R%H) as m— +oo.
3. Convergence rates of the purely random forests for binary classification

This section focuses on binary classification with label space ) = {1, 0}. Let 17 (x) be the conditional probability of y =1
w.r.t. distribution D, and it follows that Pr[y = 0|x] = 1— 7 (x). We assume that 77 (x) is L-Lipschitz for some constant L > 0,
that is, |n1(x) — 11 (¥)| < L||x — X’|| for every x, & € X. This assumption has been taken in random forests for regression
[8,46] and binary classification [15,54], and an intuitive explanation on such assumption is that two instances are likely to
have similar labels for smaller distance.

We begin with the purely random forests, which were originally proposed by Breiman [11]. Genuer [27] studied the
variance reductions of purely random forests for regression, while Arlot and Genuer [3] presented its bias-variance analysis.
For classification, Biau et al. [9] made an important milestone on the consistency of purely random forests. This section
takes one further step on the convergence rate of purely random forests for binary classification.

Formally, a purely random tree can be constructed as follows. Each node is associated with a rectangular cell, and all
leaves (external nodes) constitute a partition of [0, 1]¢ at each iteration of tree construction. The root of random partition
is [0, 119 itself. The following procedure is repeated k — 1 iterations for some pre-defined parameter k > 2 in advance, and
hence the output random tree has k leaves.

e A split leaf is selected at random, uniformly over all leaves at the current iteration.
e Once the leaf is selected, a split dimension is selected at random, uniformly over [d].
e The leaf is split along the split dimension at random, uniformly over the chosen side.

A purely random tree classifier fs, (%) takes a majority vote over labels y;, whose corresponding instances x; belong to the
same cell of random partition as instance x. The main difference, between the purely random tree and Breiman’s original
random tree [12], is that recursive cell splits are irrelevant to label information, and the growth of individual random tree
is independent of training sample. Given m individual purely random trees fs, o, (X), fs,.0,(*),..., fs, 0, (), the random
forests classifier takes a majority vote over those random trees, that is, the voting classifier fp(x) = ]I[Z;L fs,,0;(X) >m/2].

We now go into the details of randomness ® on the construction of purely random forests. Given a purely random tree,

we associate k leaves with k disjoint rectangular cells Cq, C,, ..., C, constituting a partition of instance space X = [0, 1]d.
Let C(x) denote the rectangular cell of random tree, that contains the instance x.
Given an instance x € X', we introduce k — 1 Bernoulli random variables Xi, Xy, ---, Xx_1 to characterize the random

events that the node, containing instance x, was selected for splitting in the construction of random tree. Specially, the
event X; =1 implies that the node containing x is selected for splitting in the i-th iteration of random tree construction;
otherwise, X; = 0. It follows that X; ~ B3(1/i), since there are i leaves for selection with identical probability during the i-th
iteration of random tree construction.

Let h(C(x)) denote the height of the rectangular cell C(x), i.e., the splitting times of C(x) during the construction of
random tree. It is easy to obtain

k—1

h(C@) =Y Xi.

i=1
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We present upper and lower bounds on h(C(x)) in expectation and in probability as follows:

Lemma 2. Let X1, X2, ..., Xx_1 be k — 1 random variables such that X; ~ B(1/i) for i € [k — 1]. Given an instance x € X, we have
In(k) < Exy x,,...%_,[MC&)] <1+ Ink —1).

For any € € (0, 1), we also have

.....

.....

.....

We have h(C(x)) = O (logk) with high probability, especially for large k. Lemma 2 improves the previous work [9] on the
bounds of h(C(x)), where the saturation level is considered in random binary search tree [21,49], and their bounds can be
rewritten (with our notation) as follows:

Pr{h(C(x)) < (c* — €) Ink] < O (log(k)k(€ —€)In@e/(c=€)—1y

Here, c* = 0.3733... is the unique solution of cIn(2e/c) =1 (¢ < 1) and € < c*. As can be seen, Lemma 2 makes better
estimations of h(C(x)) with larger probability. The detailed proof of Lemma 2 is presented in Section 6.2.
Given cell C(x), we define its diameter as v(C(x)) = maxy yec(x){/X — ¥'[|}, and bound v(C(x)) in probability as follows:

Lemma 3. For integer k > 2, real € > —1 and instance x € X, we have
JVd } ed

s | = (1+e)k1/8d°

Pr |:v[C(x)] >(1+¢)
where the probability takes over the random selections of splitting leaves, dimensions and positions.

This lemma shows that, for every instance x € X, the diameter of rectangle cell of C(x) can be upper bounded by
(1 + €)+/d/k/8 with probability at least 1 — ed/(1 + €)k'/8¢. We also have v(C(x)) — 0 in probability as k — +oo. For
simplicity, we do not formalize the random selections of splitting leaves, dimensions and positions in Lemma 3, while the
detailed formalization and proof are presented in Section 6.3.

Recall that there are k disjoint rectangular cells Cq, Ca, ..., Cx during the construction of purely random tree with k — 1
iterations. We could bound the classification error over each rectangular cell, and the detailed proof is given in Section 6.4.

Lemma 4. Let C1, Ca, ..., Cy be the k disjoint rectangular cells associating with the leaves of randomized tree, and fe_s,(X) denotes
the classifier generated by random tree. For L-Lipschitz conditional probability n1(x) and for every i € [k], we have

S l?ﬁy) [ fo.s,(®) # ylx € Ci] Pr[x € C;]
< 2Lv(C;) Prix € Ci] + Ex[min{n; (), 1 — n1(x)}|x € Ci]Pr[x € C;] + /Pr[x € Ci]/n+3/n .

Based on Lemmas 2-4, we could present the convergence rates of purely random forests for binary classification, and the
detailed proof is presented in Section 6.5.

Theorem 1. Let fr;(x) be the random forests classifier by applying purely random tree to training data S, of k leaves (k > 2). Under
the L-Lipschitz assumption over conditional probability n, (x), we have

4+/2eLd3/2 k 6k
R%SESn,(% ..... @m[RD(fm)]SR%‘FWJFZ\/;-F? .

From this theorem, we obtain a convergence rate O (n~1/(®4+2) of purely random forests for binary classification, by
selecting leaves number k = 0 (n%/4+1)) To the best of our knowledge, this presents the first finite-sample converge rate
of purely random forests for binary classification. Also, it is easy to observe that

Es, 0....0n[RD(fm)]—> R as k—+4oo and k/n—0,

which recovers the consistency result of random forests for classification [9, Theorem 2].
We further study the effects of different splitting mechanisms during the construction of random forests. For example,
how about the convergence rates for different selections of splitting leaves, dimensions and positions? Here, we consider

5
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Algorithm 1 A simplified variant of Breiman’s original random tree [12].

Input: Training sample S, and leaves number k.

Output: A random tree

Initialize: Set P = {[0, 1]%} and nje,r = 1.

1: while nje,r < k and P is not empty do

2:  Let C be the first rectangle cell in P, and remove it from P.

3 if All training examples in C have the same label (including less than one example) then
4 Do nothing and the cell C will not be split any more.

5 else

6: Select a dimension Y at random, uniformly over dimensions along which the side length is maximal in the cell C.
7 Split cell C along Y at the midpoint of the chosen side, called C;, Cg two resulting cells.
8 Update P by appending C; and Cg, and njess <— Njear + 1.

9 end if

10: end while

purely random forests with midpoint splits, where midpoint splits have been well-studied for random forests in regression
[3,8,36]. Formally, a purely random tree with midpoint splits can be constructed as follows. The root of random partition is
[0, 19 itself. The following procedure is repeated k — 1 iterations for some pre-defined parameter k > 2 in advance.

o A split leaf is selected at random, uniformly over all leaves at the current iteration.
o Once the leaf is selected, a split dimension is selected at random, uniformly over [d].
e The leaf is split along the split dimension at the midpoint of the chosen side.

Given individual random tree classifiers fs, o,(X), fs, 0,&),..., fs, 0, (), the random forests classifier takes a majority
vote over m random trees. We present a convergence rate of purely random forests with midpoint splits for binary classifi-
cation as follows:

Theorem 2. Let fr;(x) be the random forests classifier by applying purely random tree with midpoint splits to training data S, of k
leaves (k > 2). Under the L-Lipschitz assumption over conditional probability n;(x), we have

. . 8L3/3d7/10 k 6k
Rp <Es,.0,...0m[RD(fm)] < R: + WEZE +2 - + o

Based on this theorem, we get a convergence rate O (n~1/G-874+2)y of purely random forests with midpoint splits for
binary classification, by selecting leaves number k = 0 (n3-874/3-87d+2)y A can be seen, we achieve a better convergence
rate by considering the midpoint splitting mechanism during the construction of purely random forests, and an intuitive
explanation is that midpoint splits yield smaller rectangle cells. The detailed proof of Theorem 2 is presented in Section 6.6.

4. Convergence rates of the simplified random forests for binary classification

This section also focuses on binary classification and presents the convergence analysis towards Breiman'’s original ran-
dom forests [12]. We follow the procedures of Breiman’s random forests, but with different mechanisms on the selections
of splitting dimensions and positions due to technical analysis challenges. Algorithm 1 presents a detailed description of the
simplified variant of Breiman’s random forests.

We introduce a structural list P to store leaves for further splitting, which aims to keep the leaves split in successive
layers. Such mechanism is essentially the same as that of random forests for regression [53]. At each iteration, the first leaf
is selected and removed from P, and it will not be split if all training examples have the same label in the leaf (including
less than one example in the leaf). For a split leaf, we select a dimension at random, uniformly over dimensions along which
the side length is maximal in the leaf, and then split the leaf along the dimension at the midpoint of the chosen side. We
finally update list P by appending two resulting leaves.

A leaf (rectangle cell) will not be split in Algorithm 1 if all training examples have the same label in this leaf. Such
stopping-splitting criterion is different from purely random forests [11] and Mondrian forests [39,46], where the growth of
individual random tree is independent of training sample. In addition, it is also different from random forests regression
[53], where a leaf will not be split only when the leaf has exactly one training example.

Let fs, o, X), fs,0,X),..., fs, 0, *) denote m individual random tree classifiers according to Algorithm 1. Then, ran-
dom forests classifier takes a majority vote over m random trees, that is, fin(¥) = L[> I, fs, o;(X) > m/2]. We present a
convergence rate of the simplified variant of random forests for binary classification as follows:

Theorem 3. Let f,;,(X) be the random forests classifier by applying Algorithm 1 to training data S, of k leaves (k > 2 and n > 4). Under
the L-Lipschitz assumption over conditional probability n, (x), we have

R: <E R R 14 kinn 54 4k3Inn 12k 4 k  32L/d
p = Esyer,...0nRD(fm)] =Rp + —+ L e v it
6
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We get a convergence rate O (n~1/@+2) (Inn)1/@+2)y for random forests based on Algorithm 1, by selecting leaves number
k = 0((n/Inn)2d/@+2)) This presents a significantly better convergence rate than that of purely random forests due to
different splitting mechanisms and stopping-splitting criteria. The detailed proof of Theorem 3 is given in Section 6.7.

Under the L-Lipschitz assumption, it is well-known [5,64] that the minimax rate is of O (n~/@+2) for the optimal
plug-in classifiers f(x) = I[71(x) > 1/2], where 77 (x) is the estimated conditional probability. Hence, our simplified variant
of random forests reaches the minimax convergence rate, except for a factor (Inn)"/+9  as that of the optimal plug-in
classifiers, despite random forests are not plug-in classifiers. This is because random forests take a majority vote over the
predictions of individual random trees, rather than the estimation of conditional probability.

Essentially, the stopping criteria in Algorithm 1 can be viewed as a pre-pruning of decision trees, which stops the tree-
building process early when all samples have the same label in a cell, and avoids producing leaves with smaller samples.
Such mechanism has been well-known as a regularization to prevent overfitting for decision trees, while our work further
shows a better convergence rate for random forests. This is because we could reduce the splittings of leaves and make use
of exponential inequality for the convergence analysis of random forests when all samples have the same label. In addition,
the stopping criterion makes our Algorithm 1 different from ordinary histograms, where our algorithm could dynamically
adjust the partition according to training data, while more partitions as in ordinary histograms may lead to overfitting or
inconsistency for random forests.

Breiman’s original random forests [12] took some splitting criteria, such as information gain and entropy, to select the
best-split dimension and position, which correlates the randomization process with data-dependent tree structure. This is
the main difference from our simplified variant of random forests in Algorithm 1. Intuitively, such correlation could yield
tighter convergence rates of random forests for classification, whereas it remains a big challenge to present theoretical
analysis from a technical view. One possible solution is to introduce two samples for splitting and predicting of random
forests, respectively; for example, Wager and Athey [59] introduced the honesty and regularity assumptions based on two
samples to analyze random forest regression. This also remains some technical difficulties on how to merge two samples
into one sample for Breiman'’s original random forests based on majority voting in classification; therefore, it is still a long
way to theoretically understanding the mechanism of Breiman’s original random forests.

We now make some assumptions over structural data, which could yield tighter convergence rate for the simplified
variant of random forests. Suppose that there is a constant kg > 2, such that the output random trees from Algorithm 1
have at most ko leaves with all training examples in each leaf having the same label. Based on such assumption, we present
a convergence rate of the simplified variant of random forests for binary classification as follows.

Theorem 4. Suppose that there is a constant ko > 2, such that the output random trees from Algorithm 1 have at most ko leaves with
all training examples having the same label in each leaf. Let fr,(X) be the random forests classifier by applying Algorithm 1 to training
data S,. We have

kolnn 4 4k3 Inn ko 6ko
Es,.01...0n[RD(fm)] <4 +2 35— +2 +—.
n n nilnn n

From this theorem, we could achieve the tighter convergence rate O(,/Inn/n) of the simplified variant of random forests
for classification, which is independent of dimension d. The main improvements are owing to the data assumption and
stopping criteria in Algorithm 1 from a technical view, where we could make use of exponential inequality for all cells to
derive the tighter convergence rate when all samples have the same label for each cell.

Theorem 4 sheds lights on Breiman'’s original random forests [12] of tighter convergence rates via correlating randomiza-
tion process and data-dependent tree structure. The assumption in Theorem 4 is relevant to algorithm, while it still holds
for some irrelevant cases; for example, Algorithm 1 satisfies such assumption when the data is separable and the separable
hyperplane is parallel to axis. The detailed proof of Theorem 4 is presented in Section 6.8.

5. Convergence rates of random forests for multi-class learning

This section focuses on multi-class learning with label space ) =[7] for T > 3. Recall that n;(x) denotes the conditional
probability of y = j over instance x w.r.t. distribution D for j € [t], and it holds that n1(x) + n2(X) + --- + n(x) = 1. We
also make L-Lipschitz assumption for multi-class learning, that is, for every x, " € X, there exists a constant L > 0 such that

Inj®) —nj&)| <Ll|x—x'|| foreveryjelr].

Such assumption has been studied for multi-class learning [24,32,37,47], which can be viewed as a direct extension of
Lipschitz assumption of binary classification to multi-class learning. To our knowledge, it still remains an open problem on
the convergence rate of multi-class algorithms under only the L-Lipschitz assumption.

Given m individual purely random trees fs, o,(®), fs,,0,(&), ..., fs, 0, %), the random forests classifier takes a majority
vote over those random trees for multi-class learning, that is,
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fn(%) = arg max {ZH fsn0,®) = 1]} (2)

Jelr] i—1

where ties are broken arbitrarily.

We begin with some helpful lemmas on the convergence analysis of random forests for multi-class learning. Given a rect-
angle cell C, we assume that there are n’ training examples falling in cell C, and denote by (X1, y1), (X2, ¥2), - -+, Ry, V')
without loss of generality. Recall that the conditional probabilities n;(x;) = Pr[y; =i|x;] (j € [n'] and i € [t]) according to
distribution D. For instance x € C, let n;(x) = Pr[y = i|x] denote the conditional probabilities for i € [7].

Conditioned on instances X, X1,Xz,---, Xy, their labels y and y; (j € [n']) can be viewed from the following multi-
nominal distributions, respectively,

Yy~ M@, m@), -, n:@®)  and  yj~ M (&), n2&;), - e (k)  for je[n'].

For simplicity, we denote by

n

%=y Ilyj=i] and p,-zzml(;j) for ielr]. (3)

j=1 j=1

We present the following lemma to decompose a multi-class learning problem into a series of individual 3-class learning
problems, and the detailed proof is presented in Section 6.9.

Lemma 5. For integer T > 3, let 1, 02, --- , ¥ and p1, p2, - -+, pr be defined by Eqn. (3). If p1 > max(pa, ..., pr), then we have

T
P g v i P Vi = Ui} P < V] .
m yl""l:yn’ |: = Jer[r';]a\)? }{ ]}] 123’0' Y1 ry / |: ! max{ J :| Z(’Ol ’01 [ 1< l]

...........

We further present the following lemma to bound (o1 — ;i) Pry, ..y, [%1 <¥;] for 2 <i <7, and the detailed proof is
presented in Section 6.10.

Lemma 6. Let X1, X2, --- , X,y be n’ independent random variables with X; € {—1, 0, +1}. Let nlf* =Pr[X;j =+1] and n; =Pr[Xq =
—1], and we have Pr[X; = 0] =1 —n;” — n;. Write p* = Z?/:l ni/n'and p~ = Z’;’ﬂ n; /n'.If p* > p~, then we have

1
Jen

n/
(,oJr—,o_)X PrX ZXi<O <
1seees Xyt P

Based on Lemmas 5 and 6, we have

Lemma 7. Let Cq, Cy, ..., Ci be the k disjoint rectangular cells associating with the leaves of randomized tree, and fg s, (X) denotes
the classifier generated by random tree for multi-class learning. Under the L-Lipschitz assumption over n;(x) (j € [t]), we have, for
every C; (i € [k]),

5 b [fo 5, (®) # ylx € Ci] Pr{x € C;]

<(t +2)Lv(C;i)Pr[C;] + Ex [min{l — nj(x)}’x € C,'] Pr(Ci] + T4/ i Pr[C;] + i .
jelr] en n

This lemma presents a key ingredient to exploit the convergence rates of random forests for multi-class learning, and it
is also helpful to analyze the convergence rates of other multi-class algorithms such as nearest neighbor, which may present
independent interests in the machine learning community. The detailed proof is given in Section 6.11.

Based on Lemmas 5-7, we could study the convergence rates of different variants of random forests for multi-class
learning, and all detailed proofs are presented in Section 6.12. We first present the convergence rates of purely random
forests for multi-class learning as follows:

Theorem 5. Let f,(x) be the random forests classifier for multi-class learning, by applying the purely random tree to training data Sy
of k leaves (k > 2). Under the L-Lipschitz assumption over conditional probability n;(x) (j € [T]), we have

2t/(1 + 2)eLd3/2 L3tk

RD < Esyo...0n[RD(fm)] < Rp + L1780 on T
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This theorem presents a convergence rate O(n~1/®4+2)) of purely random forests for multi-class learning, by select-
ing leaves number k = 0 (n*/@d+1) As can be seen, we achieve the same convergence of random forests for multi-class
learning as that of binary classification (Theorem 1), but with different constants.

We present the convergence analysis of purely random forests with midpoint splitting for multi-class learning as follows:

Theorem 6. Let fr;(x) be the random forests classifier for multi-class learning, by applying the purely random tree with midpoint splits
to training data Sy, of k leaves (k > 2). Under the L-Lipschitz assumption over conditional probability n;(x) (j € [t]), we have

3t(t +2)3°13/3¢7/10 2k 3Tk
R*D =< ES,,,@],.A.,@m [Rp(fm)] < R*D + K1/387d +7 a + T

Based on this theorem, we get a convergence rate O (n~1/G-874+2)y of purely random forests with midpoint splits for
multi-class learning, by selecting leaves number k = 0 (n3-874/3-87d+2)y ‘A5 can be seen, we achieve the same convergence
rate of random forests for multi-class learning as that of binary classification (Theorem 2), but with different constants.

We further study the simplified variant of Breiman’s random tree for multi-class learning, as shown by Algorithm 1 in
Section 4, and take the final prediction by majority vote for multiple classes. We present convergence analysis as follows:

Theorem 7. Let fr,(x) be the random forests classifier for multi-class learning, by applying Algorithm 1 to training data Sy, of k leaves
(k> 2 and n > 4). Under the L-Lipschitz assumption over conditional probability n;(x) (j € [t]), we have

klnn 4k3lr1n 6rk 8(t2 +21)LVd
Esy.on....on RD(fm)] < Rp +27,/ == + 1] — ,/ \f i

This theorem presents a convergence rate O (n~1/@+2(Inn)'/@+2)) for random forests based on Algorithm 1 for multi-
class learning, by selecting leaves number k = 0 ((n/Inn)24/@+2)) As can be seen, we achieve the same convergence rate of
random forests for multi-class learning as that of binary classification (Theorem 3), but with different constants.

We finally study the convergence rate of random forests under some assumptions over structural data for multi-class
learning. Suppose that there is a constant kg > 2, such that the output random trees from Algorithm 1 have at most kg
leaves with all training examples in each leaf having the same label. Based on such assumption, we present a convergence
rate of the simplified variant of random forests for multi-class learning.

Theorem 8. Suppose that there is a constant ko > 2, such that the output random trees from Algorithm 1 have at most kg leaves with
all training examples having the same label in each leaf. Let f,(x) be the random forests classifier for multi-class learning, by applying
Algorithm 1 to training data S,. We have

This theorem presents a convergence rate O (y/Inn/n) of the simplified variant of random forests in multi-class learning,
which achieves the same convergence rate as that of binary classification (Theorem 4), but with different constants.

6. Proofs

We begin with a series of useful lemmas before the detailed proofs of our main results. The following lemma is a variant
of Chernoff bounds from [45].

Lemma 8. Let X1, X, ..., X;y be m independent random variables with X; € [0, 1]. Denote by X = Z:"ﬂ Xijand p = Z:"zl E[X;].
We have

Pr[X<(@1-épl< exp(—ps?/2) .

Lemma 9. For any integer k > 2, we have

—

1nk§27 1+Intk—1).
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Proof. For any integer i > 0, we have

1

Tforte[ll-l-l] and

l
t

r~r|.—k
~|>—x

for te[i—1,1].

It follows that

kl
Ink = /fdtf
t 4
1

1

1 k711
§1+/?dt:1+ln(k—l),
1

=

— =

1

which completes the proof. O

Lemma 10. For integers k > 2 and d > 2, we have

k—1

3 9+3Ink—1)
;ln<1—4—m)z—T, (4)
k-1

1 34+Ink—1)
Zln(]—ﬂ>2_7. (5)

i=1

Proof. We first have

1
3 3
Zln( 4ld> 1n<1—@>+/1n<1—4—dt>dt
1
k—1

3 3 k—1 3
—in(1-2) 4+ |em(1- > Y N
“( 4d)+[ “( 4dt>}] /4dt—3

1

=k—1)In(1 ; iln k—1 i +il 1 i
a 4d(k — 1) 4d 4d 4d 4d )’

It is easy to observe In(k — 1 —3/4d) <In(k — 1), and

(k—1In(1 3 +3ln1 3y, 3 9 3.9
4dk—-1))  4d 4d)~ 2d 842~ 16d ~ 4d ’

by using In(1 — x) > —2x for x € [0, 1/2] and d > 2. Eqn. (4) holds by simple calculations.
For Eqn. (5), we similarly have

k—1 k=1
Zln 1—L >In 1—l +/ln 1—L dt
: 2id) = 2d 2dt
i=1 1

1 1 \1%! 1
In(1-— In(1-— -
“( 2d>+[t“( 2dt>]1 /Zdt—ldt

1

k—1In(1 ! 1lnkl 1-i—llnl !
2dk — 1) 2d 2d 2d 2d)

It follows that, by using In(1 — x) > —2x for x € [0, 1/2] and for d > 2,

(k—1)In ! 1lr1 1>l 1>5>3
2d(k—1) 2 d 2d2~ 4d~— 2d°

which completes the proof of Eqn. (5) by simple calculations. O
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6.1. Proof of Lemma 1

For every x € X', we denote by n*(x) = max;c[r1{n;(*)}. This follows that, from the definitions of Rp(h) and R%,,

T
Ee [Rp (fs,.0)] = Rp = Ex~py | D_Pr[fs,0® = i] (1" ®) —n;x)
j=1
In a similar manner, we have

T

Eor....on [RD ()] = Rp = Exepy | D Pr [fn(®) =1 (0" ®) = 1;)

=10

For j € [t], we have, by Markov’s inequality,

[fm(X)—J] [ZH fsno,®) =j]= }
i=1

“'IE

..........

Z I [fsy.0,®) = j]] ZPr fsn0:@ =j]=Pr[fs, 0@ =] ,

which completes the proof. O
6.2. Proof of Lemma 2

For k > 2, let X1, X3, ---, X¢_1 denote k — 1 independent Bernoulli random variables with X; ~ B(1/i) for i € [k — 1]. For
any instance x € X', we have

k—1 k—1

h(C@®)=Y X;i and Ex,.x,.- xk[h(C(X))]—Z—~

i=1 i=1

Based on Lemma 9, we have

Ink < E[h(C))] <1+1Intk—-1).

It follows that, for any A < 0 and by Markov’s inequality,

k k—1 k—1
Pr [Z X; — E[X;] < ei| <exp <Ae - Z ) |:exp (Z Axiﬂ . (6)
i=1

i=1

We have, from the independence of random variables X1, Xa, ..., Xkx_1 with X; ~ B(1/i),
k—1 k—1 k—1 11
E|ex il = = —— 4 - .
|: p(ZAxl)i| HE[exp(AXl)] exp (Zln (1 : + ie )) (7)
i=1 i=1 i=1
Denote by
1 1
gi(*) =In (1 -7 + ?€A> )
and we have
=
SW =TT e
. e* e?* e’ 1
gl =+ — < <- for A<O.

i—14er (i—14er)2 " i—-14e* i

Based on the Taylor expansions, we have
, AZ _ A A2
gi(A) < gi(0) +1g;(0) t=7t9
Combining with Eqns. (6) and (7), this y1elds

11
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rk—1 k=1 . 2 k1

Pr Xi — —<—€|<exp|Ar€e+ — -1].

> 532 <o 1o 5 21 )

Li=1 i=1 . i=1

By setting A = —¢/ Zif;ll 1/i, we have
k—1 k-1 1 T 2

Prid Xi—) -=—€ 56XP<‘T> :

Li=1 i ! ] 2 i 1/

It follows that, by setting € = ¢ Zif;]l 1/i and from Lemma 9,

.....

In a similar manner, we have, for any A > 0,

Mk—1 k—1 1 k—1 32 k-1 1
P Z(Xi —E[XiD) = 6} < exp (—ke - AE 7) E |:exp (;Axiﬂ < exp (-ké t3 Z ?) :

Li=1 i=1

-

By setting 1 =€/ Y"¥"11/i, we have

Mk—1 k—1 1 2
Pr Xi — —>€e|<exp|-— .

€
17
Li=1 i—1 235 1/

We further set € =€ Zi‘:—; 1/i in the above, and this follows that, from Lemma 9,

Pr [h(C®) =1 +e)d+Ink—1)] <k <72,
X1,X2,.00,Xk—1

which completes the proof. O
6.3. Proof of Lemma 3

Given any instance x € X, recall that C(x) denotes the rectangular cell containing instance x, and Xi, Xo,---, Xx_1
characterize the random events that the node containing instance ¥ was selected for splitting in the construction of random
tree, where X; ~ B(1/i).

For j € [d], let £;(C(x)) denote the length of the j-th dimension of rectangular cell C(x), and it is necessary to introduce
the following random variables to analyze ¢;(C(x)).

e Let Yy j,Y2j, -, Y1, denote k — 1 Bernoulli random variables such that Y; ; ~ B(1/d) for i € [k — 1]. Here, Y; ; =1
denotes the random event that the j-th coordinate of the node, that contains the instance x, is selected for random
partition under the condition X; = 1. We use Y; ; to illustrate the selection of coordinates with identical probability.

e Let Uy, Uy, -+ ,Uk_1,j denote k — 1 random variables with uniform distribution over [0, 1], i.e., U; j ~ 1[0, 1] for
i € [k —1]. Here, we use random variable U; j to characterize the uniform and random splitting of the j-th coordinate
of the node containing x under the condition X;Y; j =1 during the i-th construction of random tree.

It is easy to upper and lower bound ¢;(C(x)) as follows:

k—1 k—1
[ [min(1 = Ui j, Ui p"¥15 < £;(C@) < [ [ max(1 — Uy j, U; p*" . (8)
i=1 i=1

Lemma 11. For k > 2 and j € [d], we have

k—1 k—1
Y 1 Ink
E |:l_[(max(U,<,j,1 — U,'yj))X’Y"J:| = U (1 — E) < exp (—E> , (9)

i=1

k—1 k—1
. 3 9+3Ink—1)
g [H(mm(ui,ﬂ - Ui,f))XIY”} B H (1 a E) =P <_T> ’ (10)

i=1

and we also have, for any instance x € X,

12
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9+3Ink—1) lnk
—— ) <E[;(C < .
o (-2 (e Cont = exp (o
Here, all expectations take over independent random variables X1, ..., Xk—1, Y1,j, ..., Y1, jand Uy j, ..., Uk_q j with X; ~ B(1/i),
Y; j~B(/d)and U; j ~U(0,1) fori e [k —1].

Proof. For Eqn. (9), we first write Z; ; = (max(U;, j, 1 — U; j))%i¥iJ, and it follows that

Ex.v,;.ui;1Zijl=1— % + %Eui_j[max(U,-,j,l -Uipl=1- ﬁ )
by using the fact
1/2 1
Ey, ,[max(Uj j, 1 —U,-,j)]=fmax(Uf,j,1 — Ui )dU; j = /(1 —UijdUij+ / ”'lfd”'?f=§1
0 0 1/2

It holds that, from Lemma 9 and by using the fact 1 —x <e™*,

k—1 k—1 1 1 k—1 1 Ink
1 — s N XiYig | = _ _ — _
E []‘[(max(ul,J,l Ui.j) } I (1 4id) sexp( 2 Zj 1') fexp< 4d> .

i=1 i=1

In a similar manner, we have

Ex; v ;.U [(min(Ui,j, 1- UiJ))XiYi,jiI =1- % + %Eui,j[min(w,j,l —Uipl=1- % ,
by using the fact
1/2
Ey, ;[min(U; j, 1 — Uj ;)] /mm(Uu, —U;du; j= / Uj, jdU;j /(1 —U;, j)dU; ; —}1
0 1/2

It follows that

k—1 k—1

i=1 i=1

which completes the proof of Eqn. (10) by combining with Lemma 10. O

Lemma 12. For integer k > 2, j € [d] and real € > —1, we have

k—1
Y Ink e
Pr[ﬂ(max(”“”“”’””) Tz roew(- sa)} = Tromm

where the probability takes over random variables X1, ..., Xk—1, Y1,j, ..., Yk—1,j and Uy j, ..., Up_q1 j with X; ~ B(1/i), Y j ~
B(1/d) and U; ; ~U(0, 1) fori e [k —1].

Proof. Based on the Markov's inequality and Lemma 11, we have, for any A > 0,

k—1
B XY Ink
Pr|:1_[(max(U, »1=Up MY > +6)exp< o )}

i=1
o Ink\\"
= Pr [E(max(Ui,j,l — Ui,j)))‘xiyi'j >(1+¢€) (exp (_Q)> :|
< (1+e¢ exp( sd ) x E |:1_[(max(U,J, — Ui )t ,_1:| .
i=1

Let Z; j = (max(U; j, 1 — U; j)*Xi¥ij, and we have

13
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Exi~Bayi),vi j~BA/d),U; j~u©,1)[Zi ]

1oLyl [(max(U; j,1—U; )*] < 1 1+2_1/2A
~ i g Ywnuen Li» R T TP
where the last equation holds from
1/2 1
N N N 2-1/2*
Ey; j~uonl(maxUij, 1-Ui )" 1= | 1 =U;)*dUi;+ [ Uj;dU; ;= 1
0 1/2
It follows that, by using 1+ x < e*,
rk—1 7 k—1 k—1 A
v 1 2-1/2
E max(U; j,1—U; )Y | <exp| - ) — — .
H( (Ui j ij) = exp ;id—i_;()»—i-l)id
Based on Lemma 9, we have
b [ TTomaxc0.1 - gy | < exp (11K @=1/201 % Inik— 1)
11 S =P\ O+ 1d ’

In summary, we have

k—1
Pr |:1_[(max(Ui,j, 1—U; )5 > (1+€)exp (Q)}

i=1
Ink  Alnk 2-1/2"1+1Ink —1))
—xIn(1 - — :
< exp( n(l+e¢) d + 3d Gt Dd )

By setting A =1, we have

k—1
iYi Ink
" [E(m”‘(“‘f’ 1=Ui)™ " = (A +e)exp (@)}

_ 3/4d
71nk+3(1+ln(k 1))> - e

< —In(1 — )
< exp< n(l+e€) 3d ad = 1o/

which completes the proof for dimension d >1. O

Proof of Lemma 3. Based on the union bounds, we have

(1 +€)\/a Ink
Pr [v[C(x)]z W} ~ pr [v[C(x)]Z(l—i—e)\/aexp (‘Q)]

Ink

<Pr [31 €ld): ;(C() = (1+ ) exp (‘Q)]

Ink
<dpr [e1<C(x>> > (14 €)exp <_g>}

k—1
XiYi1 Ink ed
SdPr[E(maX(Utl,l—UL])) Z(]+€)exp (—g):| < m,

where the last inequality holds from Lemma 12. This completes the proof. O
6.4. Proof of Lemma 4
It is necessary to introduce two lemmas as follows:
Lemma 13. For any rectangular cell C; € X, we have
Pr[x € C;]Pr[|C; N Sy| <nPr[xe Ci]1/2] <3/n.

14
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Proof. From Lemma 8, we have

Pr[|C; N Sy| < nPr[x € C;]/2] < exp(—nPr[x € C;]/8) ,

and it holds that
3

8
Pr[x € C;]Pr[|C; N Sp| <nPr[x € C;i]/2] < - < -

by using max, xe~® < 1/ae. This completes the proof. O

Lemma 14. Let X1, X2, ..., Xy be m independent random variables with X; ~ B(n;) for i € [m], and set p = Z}“:] ni/m. For p €
[0,1/2), we have

m

m 1
1 -2p) Pr Xi>= | <—. 11
P B Xen B _;’ 2 | 2m (1)

For p € [1/2, 1], we also have

[ m_ 1
2p—1 Pr Xj<— | <—0H. 12
@p )X1~B(m) ..... Xn~B(m) ;' 2|~ V2m (12)

Proof. For any A > 0, we have, from the Markov’s inequality,

m
m
Pr Xi> —
X1~ B, X~ B(0m) [Z = 2}

i=1
m

m
< e /2 E exp (23 X — M2 E [exp(AX})] .
X1~BM1),.cc, Xm~B(0m) ; l il:!XiNB(ni) ,

From X; ~ B(7;), we have

E[exp(hXp)] =1 —1ie® + mie” < exp(ni(e* — 1))
Write p =Y /L, ni/m, and it holds that

Pr D X M1 < exp(—mar/2 + mp(e* — 1)) .
X1~B(1), s X~ B (1m) 2

By setting A = —In(2p), we have

m
Pr Xi>— | <exp(m/2+mlIn(2p)/2 —mp) . 13
o e 5 ; 1z 5 | = exnm/ (2p)/2 —mp) (13)
We introduce another function
g1(p) =1 —2p)exp(m/2 +mIn(2p)/2 —mp), (14)

and the derivative is given by

g1(p) =exp(m/2 + mIn(2p)/2 —mp)(2pm —2m — 2 + m/2p) .

Solving g} (p) =0 gives the optimal solution

1 1
* _———_——_—-
L B o
It is easy to find that, for continuous function g(p) with p €[0,1/2)
gi1(p) < max gi(p) =max{g1(0), g1(1/2), g1(p")} = g1(p") , (15)
p€(0,1/2)

and we further have

1 2 1 1
gi1(p") = eXP< n + 2 (1 - )) < < .
14+ /142m 1+/1+2m 2 14+ /142m 1+/14+2m ~ V2m

15
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where the first inequality holds from In(1 — x) < —x. Hence, Eqn. (11) holds from Eqns. (13)-(15).
For Eqn. (12), we similarly have, by using Markov’s inequality,

Pr iXKT < exp(—m3./2 + mp(e* — 1))
Xi~B)s o Xm~Bm) | = 2|

for A < 0. By setting A = —In(2p) for p € [1/2, 1], we have

. _
m

Pr Xi < = | <exp(m/2+mln2p)/2 —mp). 6

X1~B(@1),..c, Xm~B(m) _; ! 2_ p(m/ 2p)/ 0) (16)

We also introduce another function
&2(p) = (2p —1)exp(m/2 +mIn(2p)/2 —mp) , (17)
and solving g/, (0) =0 gives the optimal solution
1 n 1
2 1+/2m+1°

It is easy to find that, for continuous function g(p) with p €[1/2,1],

*

p:

g2(p) < max_ g(p) =max{g2(1/2), g2(1), g(p*)} = g2(p*) < 1/v/2m..
p€l0,1/2)

This proves Eqn. (12) by combining with Eqns. (16) and (17). O

Proof of Lemma 4. This lemma holds obviously when Pr[x € C;] =0, and it suffices to consider Pr[x € C;] > 0. We introduce
the random events

' ={CiNSy| >nPr[xe C;]/2} and T, ={|C;iNS,| <nPr[xe(C;]/2}.

Based on the law of total probability, we have

Pr g X xe(Cj|= Pr 9 b4 xe(C;,I'1|Pr[l’'1]+ Pr 0,5, (X xe G, "y |Pr[I"2].
Sn’(&y)[f(xsn()#}/l i] Sn.’(X’y)[fo,sn()7'5y| i, 1] Pr(I"1] Sn’(xyy)[fo,s()#}/l i, [2] Pr(I2]

It follows that, from Lemma 13,

s [fo.5,® # ylx e Ci]Prixe Cil < _ Pr [fo.s,®) # ylx € Ci, 1] Prix € Ci1Pr[T1]+3/n.. (18)

To bound the term Prs,, (x,y) [f@,s,. (x) # y|x € C;, F1], we further introduce the set SL of training examples falling into the
cell G, that is, S; = {(xj,¥j): (%j,¥j) € Sy and x; € C;}. Under the condition I'y, we have
m:=|Si| =S, NC;| = nPr(C;]/2. (19)

Without loss of generality, we denote by S; ={(x1,¥1), (®2,¥2), ..., (®m, ym)}. For instance x € Cj, its label can be predicted
by random forests classifier as

fos,@=1{>"yj=m/2

j=1

Conditioned on X,Xq,X2,...,Xy, we can observe that y ~ B(n1(%)) and y; ~ B(n1(xj)) for j e [m], and set p =
>Im1 m(xj)/m. It follows that

Y1seesYm

..........

m m
m m
Pr [fos,® #YyX1,.... %] =nm(x) Pr E yi<=|+A—-m@) Pr E viz—=|. (20)
Y Y1, ¥m 2 AT pa 2

If p €[0,1/2), then we have, from Eqn. (20)

N[ 3

and it follows that:

16
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e If 1(x) =1/2, then we have 1 —27;(x) =0 and
P [fo.s,®) # y] =n1(® = min{n1(x), 1 — n1(*)} .

e If n1(x) > 1/2, then we have 1 —27;(x) <0, and for p € [0, 1/2), we also have

.....

= min{n®), 1 —m &)} + 271X — p|+1/~v2m,
where the last inequality holds from p € [0, 1/2) and Eqn. (11) in Lemma 14.

In summary, we have, for p €[0,1/2),

P [es@#y]=1-m@+en@-1 P |3 yi=2
..... N Toeees ]:‘1
<min{n1®),1—n1®)} +2/m @& — p| +1/v/2m.

From the L-Lipschtiz assumption, we have, for X, %1, ..., %, € Cj,

Mm@ —pl=|m@ — Z%"f') <D Im@ —m@p|/m<Lv(G).

j=1 j=1

It follows that

S P [fo.s,@ # y] < min(n @), 1—ni @)} +2Lv(C) +1/v2m.

Hence, we have, from Eqn. (19)

. l()alz-y) [fo.s,®) # y|x € C;, 1| Pr[G;] Pr[T"1]

< ExImin{n1 (%), 1 — n1 (®)}|x € C;]Pr[Ci] + 2Lv(Cy) Pr(Ci] + /Pr[Cil/n
which completes the proof by combining with Eqn. (18). O

6.5. Proof of Theorem 1

It suffices to derive the convergence rate of individual random tree classifier fs, o(x), and we complete the proof by
combining with Lemma 1. We first have

Rp(fs,0) = (X’}l}’)rwp[f@,s,, (%) # Y] =Ex~Dy [ ))[f@,sn (%) # )’]} .

Pr
y~B(n(x
For random tree classifier fg,s, (%), we associate a set as follows:

A= [xeX: V(C@) = (1 +e)\/c_1/k1/8d} : (21)

where v(C(x)) denotes the diameter of rectangle cell C(x). It follows that

17
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Rp(fs,.0) = Ex~Dy [ Pr [fo,s,®) #yl([xe Al +1I[x¢ A])]
y~B(1n1(x)
S Ex~py [I[X € Al] + Ex~Dy [ Pr  [fos,(®) # yll[x ¢ A]] . (22)
y~B(n1 (%)
Notice that Cq, Cy, ..., Cy is a partition of the instance space X’ from the construction of random tree. Based on the law of

total probability, we have

k

))[f@,s,. () # yll[x ¢ A]] = Z Pr( fo,s,(®) # ylx € Ci]Pr[x € GI[C; € A],

EX’V'DX |:
i=1

y~B(n(x

by using the fact C(x) = C; for every x € C;. Combining with Eqns. (21) and (22), we have

Es,0 [RD(f5,,0)] < Exey [Spr@ [vic@i=a+ e)ﬁ/k”gd]] (23)
k
+Eo |:Z Es,[Pr[fe.s,(®) # y|x € Cil] Pr[x € GI[C; € A]i| . (24)
i=1
From Lemma 3, Eqn. (23) can be further upper bounded by
1/8d ed
Ex-Dy [51;% [vicer= +e)Vik ]] < Ao (25)

Based on Lemma 4 and Eqn. (21), we can bound Eqn. (24) as follows

k

k
2(1 L/d Pr[C; 3k
S s, [Pt fo,s, (x) # ylx € ClIPrix € LG & A] < R}y + % *2y 3, (26)

i=1

where we use the law of total expectation and R}, = Ex~p, [min{ni(x), 1 — n1(x)}]. By using the Jensen’s inequality, we
have (EX)? < E[X?], which gives

k 2 k
1 1 1
- Pr[C; < - Pr[Ci]=—.
(k ;\/ rl J) . ; rCil=
It follows that, by combining with Eqns. (23)-(26),

ed 21+ €)LV/d k N 3k

Es,.o[R 5)] < R
s [Ro(fs,0)] = P Aok K1/8d n' o

We have, by setting € = /e+/d/2L — 1 and algebra calculations,

2+/2eLd3/? k 3k
Es,.o [Rp(fs,0)] <R} + — et \/;—i- —.

which completes the proof by combining with Lemma 1. O
6.6. Proof of Theorem 2

We first introduce some lemmas before the proof of Theorem 2.

Lemma 15. For integer k > 2,d > 2, j € [d] and real € > —1, we have

] k—1 1 Xiyi_j>1 Ink _ 3/2
r| ] 5 = Feexe| =57 | | = a1 ey3/xi/zesaed

i=1

where the probability takes over random variables X1, ..., Xg—1, Y1j, ..., Yk—1,j with X; ~ B(1/i) and Y; j ~ B(1/d) fori € [k —1].

18
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Proof. For any A > 0, we have, based on the Markov’s inequality,

k—1 X:Y:
1\ Ink
Pr |:111 <5> >(1+6)exp< 2d>:|
k—1 AXiYi
1 it Ink
=Pr (—) >(1+€)exp< ):|
e i
rlnk k1 AXiYi j
<(1+e)™* exp( ) |: ( ) :|
i=1

From X; ~ B(1/i) and Y; j ~ B(1/d) (i € [k — 1]), we have, by using 1+ x <e*,
k—1 AX:Y ; k—1 k—1 k—1
1 g 1 1 1 1
E - = 1-— ex — s
[H<2> } n( i d2*> p( id+21d2'\>
i=1 i=1 i=1 i=1
which yields that
k-1 k-1

Pr _ﬁ AN >(1+¢)e Ink <e /\ln(l—i—e)—i—mnk ! + !
= Xp| ——— X - —_— ] -
2 = P\7aa ) | =P id " & id2”

Li=1 i=1 i=

By setting A = 3/2, we have

Mk—1

XY ( lnk):|
[ [(max(Ui, 1 - Ui)*iYii = 1+ €) exp

P
; 4d
Li=1

—

5Ink 4 1+Ink—1) - e1/2v2d)
8d 24/2d = (14 €)3/2K1/3.6846d °

which completes the proof by using e!/2V2) <3/2. o

3
<exp (—5 In(1+¢€)—

Based on Lemma 15, we can bound the diameter v(C(x)) as follows:

Lemma 16. For real € > —1 and instance x € X, we have

3d/2
- (] +€)3/2k1/3 .6846d °

Pr [v[C(x)] > 1+ e)«/—/kl/‘ld]
where the probability takes over random selection of splitting leaves and dimensions.

Proof. For j € [d], recall that £;(C(x)) denotes the length of the j-th coordinate of C(x) for j e [d]. Let Xq,..., Xk_1,
Y1 j,...,Yg—1,j be random variables with X; ~ B(1/i) and Y; ; ~ B(1/d) for i € [k — 1]. According to the construction of
purely random tree with midpoint split, we have

£(Cx) = 172510,

Based on Lemma 15, we have

_Ink 3/2
Pr|£;(C(x)) > (1+€)exp ~ad )= (1 + €)3/2k1/3.6846d ° (27)

Based on union bounds, we have

Pr{vICE] = (1+e)Va/k!/*] = Pr[v[C(x)]>(1+e)fexp( 12:)}

<pr[5|]e[d] £; (C(x))>(1+e)exp( l;l;)]

Ink 3d/2
=dPr [zl(C(x)) z({1+e) exp< 4d )} = 1+ 6)3/2/k1/3.6846d ’

where the last inequality holds from Eqn. (27). O
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Proof of Theorem 2. Similarly to Theorem 1, we first study the convergence rate of individual random tree classifier

fs,,0(x). Based on the law of total probability, we have

R )= Pr e b4 = Ex~ Pr
p(fs,.0) (qu)ND[fo,s,,( ) # Y] =Ex~Dy |:y~8(m(x

))[f@,sn (*) # Y]} .
For random forests classifier fg,s,(x), we associate a set as follows

Ay = [xe X:v(CRx) > (1 +6)\/(_1/k1/4d} ,
and it follows that

Rp(fs,,0) < Ex~py [I[X € A2]] + Ex~Dy [ ))[f@,sn (%) # y|x]I[x ¢ Az]] .

Pr
y~B(mx

Notice that Cq, Ca, ..., Cy is a partition of the instance space X', and we have

EX’\"DX |:

P
y~B(m(x =

where we use the fact C(x) = C; for every x € C;. It follows that, from Eqns. (28) and (29),

(1~|—e)«/aﬂ

Es,.o [RD(fs,.0)] < Ex~Dy |: 1 1K)/

[V[C(X)] >

Pr
5n.0

k
+Eo [Z Es,[Prl fo,s,(®) # y|x € Cil]Pr[x € GI[C; € Az]} .

i=1

From Lemma 16, Eqn. (30) can be further upper bounded by

3d/2
Ex-Dy [Sl;r@[v[(?(x)] = +6)ﬁ/k1“¢1” = (1 +e)3/21<1/3.6846d :

Based on Lemma 4 and Eqn. (28), we can bound the term in Eqn. (31) as

d 20+e)Lvd [k

Y Es,[Prifo.s, (®) # ylx € GilIPrix € GII[C; € Ay] < Ry, + —iad Ty T

: n
i=1

It follows that, by combining with Eqns. (30)-(33),

3d/2 2(14€)Lvd k 3k
*
Es,.o [Rp(fs, 0)] < Rp + (1 + €)3/2k1/3.6846d + k1/4d + n + n
By setting
2/5
9¢E 11 /
€ = | ——kad ~ 36848d -1,
8L

we have, by simple algebraic calculations,

. AL3/3d7/10 k 3k
Es, o [RD(fS,,,@)]SRD‘FW‘F H—i_? ,
which completes the proof by combining with Lemma 1. O

6.7. Proof of Theorem 3

We begin with a lemma as follows:

Lemma 17. Let S;, be a training data drawn i.i.d. from distribution D. For any rectangle cell C C X and integer k > 2, we have

Pr[x € C]Pr[|C NSy < k] < £ (1 +\/§) .
n K

20

k
))[f@,s,. () # yll[x ¢ Az]] = ZPr[f@,sn (®) # ylx € Ci]Pr[x € G]I[Ci € A2l

3k
-

(28)

(29)

(32)
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Proof. For any 8 € (0, 1), if k < (1 — §)nPr[x € C], then we have, based on Lemma 8,

PI[|CN Syl <k] < Pr{|[CN Sy < (1—8)nPrxeC]] < exp(—nPrx e C]5%/2).

It follows that, by using maxyxe~% = 1/ae,

2
Pr[x € C]Pr[|C N Sy| < k] <Pr[x € C]lexp(—nPr[x e C](SZ/Z < sl
ne

If « > (1 —8)nPr[x € C], then we have

Pr[x € C]Pr[|C N Sn| < k] <Prlx e C] < — .
n(l—s)

By setting § = (/1 + 2ke — 1)/ke, we have
K 2 Kk ke+1++/2ke+1 « 2
—Ex ti+ + §E<1+,/—)f0r/<22,
K

n1—5) nes: Ke

which completes the proof. O

Proof of Theorem 3. Similarly to the proof of Theorem 1, we first present the convergence rate of individual random tree
classifier fs, o(x) according to Algorithm 1. Let Cy, Cy, ..., C be a partition of instance space X, which are associated with
k leaves of random tree. Based on the law of total probability, we have the classification error of random forests classifier
fe,s,(®) with respect to distribution D

k

Ro(fsne)= P lfe.s.®) #yl= D Pilfe.s,(® # ylx e CiIPrix € C].
' i=1

We introduce a set

A3 ={C;j: all training examples in C; have the same label}.

It follows that

k
Rp(fs,0) = pr[f@),sn (%) # y|lx € Ci]Pr[x € G]I[C; € As] (34)
i=1
k
+ pr[f(a,sn(x)#ﬂxeCi]PF[XGCi]H[Ci ¢ As]. (35)

i=1

If C; € A3, then we have, for k > 2,

Pr[C;]Pr [f@,sn (%) # y‘x € Ci]
=Pr[Ci]Pr[fo,s,(®) # ¥, ICi N Sp| <« |x € Ci] + Pr[Ci] Pr[ fo,s5,(®) # ¥, |Ci N Sp| > k% € Cj]
< Pr[Gi]Pr[|C; N Spl < k] +Prlfo,s,®) # ¥|ICi N Spl > &, x € GIPr{|C; N Syl > &, x€Ci] .

From C; € A3, all training examples in C; have the same label, and we assume positive training examples in C; without loss
of generality. Then, we have fg s,(x) =1 for all x € C;. Denote by the expected conditional probability over cell C;

n1(Ci) = Elm®)|x € Ci] .
If 71(C;) > 1 — €, then we have

Pr(fo.s,(®) # y||Ci N Snl > k,x € GIPI[|Ci N Sp| >k, X € Ci] <€ ;
If 71(C;) <1 —€ and C; € A3, then we have

Pr[fe.s,(®) 7éy||C,~ NSyl > k,xe€ C]Pr[|C; NSy > k,x€ C;] <Pr[|C; N Sy| > k] <exp(—«ke) .
This follows that, for C; € A3,

PHCIIPr [ fo.5, (%) # y]x € ;] = PrIGIPHIC; (1 Sa] < K1+ PrICi (€ + exp(—ke)) .
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By setting € = (Inx)/k, we have

+Ink

1
PHCIIPr [ fo.5,(x) # y]x € Ci] = PrICIIPrICi 1 Sal < K1+ PrICi)
It follows that, by combining with Lemma 17 and Eqns. (34)-(35)

kic (14 2/6)  1+1 k
ke ( ; /) +K“K+ZEsn,@[Pr[f@,sn<x>¢y|xec,-]Pr[xeci]H[ci¢A31]. (36)

i=1

Es, o[Rp(fs,0)] <

For C; ¢ A3, we have different labels in C;. It follows the height h(C;) > log, k — 2 and the splitting times for each dimension
are more than (log, k —2)/d — 1 from the construction of random tree in Algorithm 1. Hence, we upper bound the diameter
of rectangle cell C; as follows:

1 (logy k—2)/d—1 21+2/d\/a 8«/&
V() =< ‘/E(E) =T ed =

It follows that, from Lemma 4 and Eqn. (36),

kx 2 Pr[C;]
Es,o[Rp(fs, )1 < Rp +—<1+\/:) _(1"‘1 K)+ ]1/d ZV L

k 2 16L 3k k
R*+<—K 1+\/j —(l+lK)+ f+—+ =,
K k1/d n n

We have, by setting k = L/nln n/k—‘ and algebra calculations,

Es,o[Rp(fs,.0)]

R? /klnn 44k3lnn / Y nlnn +61<+\/?+16L«/E
Rp + nlnn n n o ki/d
kl 4k31 6k k 16Lv/d
ALY LA, L f+—“/— n>4,k>2),
n n3 n n k1/d

which completes the proof by combining with Lemma 1. O

6.8. Proof of Theorem 4

The proof is essentially similar to that of Theorem 3. Given a random tree classifier fg s,(x) with k leaves (k < ko), let
C1,Cy, ..., Ck be a partition of the instance space X'. Based on the law of total probability, we have the classification error
of random forests classifier fg s, (%) over distribution D

Rp(fs,, o)— PF [fosn(x)sﬁ}/] ZPF[fo s (¥) # ylx € Ci]Pr[x € Ci] . (37)

i=1

For any i € [k] and x > 1, we have

PrCi1Pr [ fo.5, (%) # y]x e ]
=Pr[Ci]Pr{ fo,s,®) # y.|Ci N Sn| <k |x € Ci] + Pr{Ci]Pr[fo,s,(®) # . |Ci N Sp| > k|x € Ci] . (38)

From Lemma 17, we have

2
Es, [Pr[CiPr(fo,s,(®) # . ICi N Sal <k|x€ Gi]] < — (1 +\/:> (39)

From the assumption in Theorem 4, we see that all training examples in each C; have the same label, and we assume
positive training examples in C; without loss of generality. It follows that fg s,(x) =1 for all ¥ € C;. Denote by

11(Ci) = E[m@®)|x € C;]

the expected conditional probability over the rectangle cell C;. If 771(C;) > 1 — €, then we have
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Prife,s,(®) # ¥,1CiNSal > k|x e Ci] <€;
If 71(Ci) <1—€ and C; € A3, then we have

Prfo,s,(®) # ¥.1Ci N Syl > k|x € Ci] < (1 — €)* < exp(—ke).
It follows that, by setting € = (Ink)/«,

Pr[fo,s,(®) # ¥.1Ci N Syl > k|x € Cj] <€ +exp(—ke€) < (1 +1Ink)/k .
Combining with Eqns. (37)-(40), we have

ki 2 1 kox 2 1
Es, o[RpD(fs,0)] < — (1 +4/ ) +-(0+Ink) < — <1 +4/ ) +—(1+Ink).
n K n K K

By setting k = {,/nln n/ko—‘ and simple algebraic calculations, we have

ko lnn o 4k3 lnn ko
Es, o[Rp(fs,0)]1 <2
nlnn’

which completes the proof by combining with Lemma 1. O

6.9. Proof of Lemma 5

We begin with two lemmas before the proof of Lemma 5.

Lemma 18. For T = 3, let 91, ¥, 93 and p1, p2, p3 be defined by Eqn. (3). If p1 > max(p3, p3), then we have

3

Plyl . [¢1 < max{d7, D3}] — ;piJﬁ . [0 = max({1, P2, ¥3}]

EZ(Pl—Pi Pr [r<dil—pr Pro (91 <92 =05]

—P2, Pr  [$ =9, = max(d7, ¥3)] — p3 " Pr [191 =03 =max(dy, ¥93)] .

Proof. We first have, by using Pr[A U B] = Pr[A] + Pr[B] — Pr[A N B],
[191 < max(dz, ¥3)] = =, P [{191 <} U{h <3}
Zylff [191 < 192]+ Pl‘ [191 < V3] — Pf [191 <, 01 <V3],
and we further have, based on the law of total probability,
y [ < P2, th <193]— y [ < P2 < V3] + " y [ <3 <P2] + Pry [ <2 =103] .

This follows that

Pry [ < max(y, ¥3)] < y Pry [91 < P2]+ Pry [1 < B3]
n’ 1

— Pr [l91<172=l93]— [l9]<l92<193] [15‘1<l93<l92] .
y J/I y Y1 y

By using the law of total probability again, we have
Pry [92 = max(P, U2, 93)] = " Pr [191 < ¥ = max(dz, ¥3)]
= y [ =02 = max(Py, 93)] + Pry [1 < 92 = max(¥,, ¥3)]
= Pryn/[z% ) _max(z‘/‘z,z‘/‘g)]+ Pr [191 < ﬁz]—y Pr [191 < < 3],
and we similarly have

23
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03 =max(r,02,03)] = Pr [ =193=max(J2, J3)]+ [P < 93] - [ <3 <],
Y1,¥2,¥3 Yoo y Y1

..... y
which completes the proof by combining with Eqns. (41)-(42) and p1 > max(pz, p3). O
Lemma 19. For integer | > 4, let ¥1, ¥, ,v1and p1, p2, - -, p be defined by Eqn. (3). If p1 > max(pa,
1
Pr < max {9} | — i Pr ¥ = max{v;
PP [ 1< max | ,}] >opi, Pr [ i = max{ ]}}

.., pp), then we have

e N
-1
< Pr [0 <]+ Pr 1 < max {v;}]|— i Pr ¥ = max {$
(pr—pp, Pr[1<vil+pr Pr y[ 1< max ,}} ;p’y‘ _____ » [ max { ,}]
+h+lLh—p1 Pr [l‘/‘r <¥ = max {l‘/‘i}] —-p_ Pr [191 =¥ = max {l‘/‘i}] ,
Voo Yt Jell=11\{1} Vi W Jel\(1}

where 11 and I are given, respectively, by

-1 -1

Ih = pi Pr [ﬂl =% = max {B;} <z9,)] and I = Di Pr [191 <= max {ﬁ~}<ﬁ1)] .

; "Y1y YT jen-1hay ,23: I w " ety

Proof. By using Pr[A U B] = Pr[A] + Pr[B] — Pr[A N B], we first have

Pr |:‘l91 < max {19]}] Pr  [{¢h <max{dy, -, %_1}} U{h <}]
DATERA Jelln{1} YooV

= Pr [191< max {ﬂj}]—i- Pr [ﬁ1<z9,]— Pr
DARIRE Jell=11\{1}

|:l91 <V, < max {ﬂ]}] s
..... YooY Jell=11\{1}
and we also have, based on the law of total probability,

Pr |:191 <V, < max {L?j}] = Pr |:171 <Y = max {19]'}:|
Voo V! jell—11\{1} NA RIS jell-11\{1}

+ Pr [191<19,< max {ﬁj}}jt Pr [191<
Yis-es Yo/ j y n’

Jell=1]\{1}
We further bound

.....

max (¥} < 1‘},} .
Jell=1N\{1}

Pr [191 < max {z9j}<l91]
V1Y Jell=11\{1}

-1
> Pr [191 <= max {9;}< 19,] +Z Pro [191 <¥ <¥,% > max {ﬁj}] ,
VvV jell-1\{1,2} | Y1 Y Jell—11\{1,i}
and this follows that
Pr |:191 < max {19]}]
NATE 2 jeln1}
< Pr [®1 <max(Dy,---,0_1)]— Pr [191 <Y< max {19]}]
Y1,-ees Yor T Y n Jjell-11\{1}
— Pr |:l91 <th= max { j} < l?[j| — Pr |:171 < l?[ = max {l?j}]
Vi Yy jell-11\{1,2} V1sees Y Jell-11\{1}
-1
+ Pl‘ [191 <] - Z PI‘ |:l91 < <V, v > max (l?j):| . (43)
ViV =y, ' Jell=11\{1,i}

For 2 <i<Il—1, we have, by the law of total probability again

Pr [0 =max(d1, 92, , )]
YooYt

.....

= y [0 = max(d, D2, -+, ¥1—1), ¥ = W]

= Pr [y=max(d, V2, -, 1) = Pr [
ViV VsV

¥ = max {¥;} < 191] .
jell-1]
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We further have

Pr |:1‘}, = max {¥;} < 191]
Vi, Y/ je[l-1]

= Pr |:l91 <9, %= max {19]} < 191]
n Jell-1\{1

= Pr |:191:z9,- max {19]}<191:|+ Pr
YooV Y1

jeax | |:l91 <?¥i= max {ﬂj} < 191:|

Jell=1]\{1}
and

Pr |:191 <¥= max {¥j}< 77!]
Vv jell—10\(1)

= Pr [191<1?,-: max {z?j}<1?1i|+ Pr
Visen Yyt Jell=11\{1,i) y1

..... n

|:l91 << 1?1, l?i > max {l?j}j| .
Jell-1N\{1,i}
This follows that

Pr  [¢; =max(dy, -, 9]
V1o dn

Il
|
=
e~
-
<
:L
—
>
=
5’0

=0 max (¥} < 13‘1] Pr |:z91 <%= max {¥}< 15‘1]
,,,,, ]e[l 1\{1} Vi Yyt Jell=11\{1,i}

+ Pr [¢=max(P,---,%_1)]— Pr [191<ﬁ,~<ﬁl,z9i> max ﬁj}].
Visens Yyt V1o Yy

, | (44)
~~~~~~~~~~ Jell=1\{1.1}
We finally have, by the law of total probability again,
[0 = max{d1, 92, -, %}]
y1 ,,,,, y
= [P < O =max{da, -, "} + [P = =max{d, -, }]
y1 ,,,,, yn y1 ,,,,, y
= Pr [H<y]— Pr [191 <% < max {v“]}} + Pr [191 =¥ = max {19-}}
MARRIN 2% MAPRIN Y Jell=11\{1} YooY Jell\{1)
which completes the proof by combining with Eqns. (43)-(44), p1 > max{py, ..., o} and simple algebraic calculations. 0O

Proof of Lemma 5. This lemma holds obviously when t =3 from Lemma 18, and it suffices to prove the case t > 4. From
Lemma 18 again and by setting | =4, ..., 7 in Lemma 19, we have

Pr 9 max {v;} Pr ¥ = max{?d
pl“ """ yn’[]<1[f {J] 2,0:1 [l {]}}

,,,, jelrl

,,,,,

sZ(m—pf P [v°‘1<z%]+A1+Az—p1Z Pr |:ﬁl<0i=j€[?2?])§{l}{ﬁj}i|

..... n

i= 3

(45)

.....

— 12 U = max{ir, v3}] — 1 =0 = max {v ,
P2, Pr. 01 =0z=max(vz, 93)] ngjpl yﬂ/[l =, max { ,}}

where A and A; are given, respectively, by,

T I-1
Ay — i Pr |9 =0= max {¥;j}<v]|,
1 Zsz Viveo yn/|: T je[lfﬂ\{l}{ i ']
=4 i=2
T I-1
Ay = i Pr | <d= max {¥j}<d].
2 ;;p’ Vi yn/|: U L '}

It remains to bound A; and Aj. Based on the law of total probability, we have
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Vi,
= Pr [ =dr=max{d, 03} <P4]+ Pr [t =1 =max{dz, V3, ¥4}]

Vi Yyt Vi Yy
N T
=y P [191 == max [} < ﬁl] + Pr [191 =0, = max{ﬂj}]

Y1 Yy jell=11\(1) YooVt jelt]

T

> Pr H=th= max {¥i}<|, 46
- lgm ,,,,, Yo [ 1T je[l—u\m{ il l} (48)

from Pry, .y, [#1 =92 = maxje;r){¥;}] > 0, and we similarly have, for 3 <i<7 —1,

T

Pr [m:zx: max {ﬁj}}z > oPr [m:ﬂ,: max {ﬂj}<ﬂl].
YooY jelin{1) S jell=1\(1}

This follows that, by combining with Eqn. (46),

T

-1
A1:Zpi Z |:l91=l9,'= max {ﬂj}<19[:|

=2 l=max{4,i+1) Jel=1)

...........

-1
< Pr [$h =0 =max{¥y, U3}] + i Pr =9 = max {¢;}] . 47
=p2, Pr [91=02=max{v2. 931+ pi ynr[l = max | ]}] (47)

Based on the law of total probability again, we similarly have, for 3<i<t —1,
Pr [m <%= max {ﬂj}] >y P [191 <®%= max {(9j}< 19,] ,
ViV jeli—11\{1} VY Jell=1\{1,i}

which yields that

T

-1 -1
Ay = i Pr M <= max {Pi}<d|< i Pr <%= max {9} . 48
2= /), P [ TS R ’] =2 /i, P, [ PR ’}} (48)
i=3 =i+l i=3
We complete the proof by combining with Eqns. (45)-(48) and p; > max(p3,...,0¢). O
6.10. Proof of Lemma 6
For any A < 0, we have, from the Markov’s inequality
n n n’ n
P > Xi<0 = P D aXi>0| <Exy.xy | exp| D aXi | | =]]Ex [exp(Xxi)] .
Taeens n n Tseens A/ N . N
i=1 i=1 i=1 i=1

From n" =Pr[X; = +1], n; =Pr[X; = —1] and Pr[X; = 0] =1—1n;" — 5, we have
Ex; [exp(Xp] = (1 — ;" —n)e’ + et +nye™ <exprf e =1 +n7 (e = 1),
which yields that, from p* = Z?/:l n/n" and p~ = Z'f,:l n;/m,

/ /

[TEx [expOX]=exp | Y nf@* =1+ nie*—1) | =exp(npt e —1)+n'p~ (" -1).
i=1 i=1 i=1

By setting A =In(p~/p")/2 <0, we have

n

2
"=, Pr ;xi <0|<(pt—pexp (—n’ (\/F— W) )
= (" —pyexp (' (07 - p7)*2)

where we use (ot + p™)%> <2 from p*,p~ €[0,1] and pt + p~ < 1. We finally complete the proof by using
maxtzg{te*"/‘z/z}zl/ en’. O
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6.11. Proof of Lemma 7

This lemma holds obviously when Pr[x € C;] =0, and it suffices to consider Pr[x € C;] > 0. We introduce the random
events

1 ={GiNSy| =nPr[xeC;]/2} and T, ={|C;iNS,| <nPr[xe(C;]/2}.
Based on the law of total probability, we have

5 o ( [fo 5, (%) # y|x e Ci]

=B [fo 5:(®) # ylx € Ci, Ty [ Prily] + P [f@,s,, (%) # y|x € Ci, T2 PrI2] .
It follows that, from Lemma 13,

S l;{y) [fo.s,(®) # ylx € G| Pr{x € Ci] < S lgy) [fo.s,(®) # ylx € C;, 1| Pr[x € G Pr{I"1] + 3/n.. (49)

A To bound Prs, (x,y) [f(—),sn (x) # y|x e (i, Fl], we introduce the set Sf., of training examples falling into the cell Cj, i.e.,
Sy, ={(®j,yj): (®j,¥j) € Sp and x; € C;}. Under the condition I'1, we have

n':=1Si| =15, NCi| =nPr(C;]/2. (50)

Without loss of generality, we denote by S;'l ={(x1,¥1), (%2, ¥2), ..., (%, y)}. For any instance x € C;, the predicted label
by random forests can be given by

n

fo.s,(x)=argmax { > "I[y;=1]
le[T] =1
Conditioned on x, X1, X2, ..., Xy, it is easy to observe that 1;(x) =Pr[y =I|x] for | € [t], and n;(x;) =Pr[y; =1|xj] for j € [n]
and [ € [t]. Write o= Z’}/:l ni(xj)/n’ for I € [t], and we have p; + 02 +---+ pr =1 and
n/
1
lor —m@x)| = o Z Imi(xj) — mx)| <L||x; — x| <Lv(C;) for le[r]. (51)
j=1
For simplicity, we denote by

n

o= Ilyj=I for le[r],

j=1
and thus fg_s, (%) = argmaxc[;1{?}. In the following, we assume p1 = max{p1, 02, , o} without loss of generality, and
make similar considerations for o, = max{p1, p2,---, pr} as | > 2. This follows that

Pr . [fo.5,®) # ylx, %1, ... %]

—Zm(X) Pro [0 <max(d1, 0, 90)]
=

where the last equality holds from 71 () +72(%) + - -- + ¢ (¥) = 1. Let n;«(x) = maxe[z1{m(x)}. Then, we have
1—m@) = mln{1 — mX)} + N () — n1(X)
= ln;[qu{l — Mm@} + (= (X) — o) + (o — p1) + (P1 — N1(X))
= g[irr}{l — Mm@} + [ (X) — o= [ + 171 (X) — 1]

< min{1 - ()} +2Lv(C) (53)
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where the first and second inequalities hold from p; = max{p1, p2, -+, P} > pi+ and Eqn. (51), respectively. We also have

.....

=2

where the last inequality holds from Eqn. (51) and Lemma 5. This follows that, from Lemma 6,

m(x) Pr . [191 < max{ﬁ] } Zm(x) Pr /[z?l max{ﬂ]}] <7tLv(C;y) + «/% .

Hence, we have, from Eqn. (50)

o B [f() s,(X) # y|x € C;, T'1 | Pr[C;] Pr[I']

<Ex [;n[ir}{l —m@®)}xe Ci] Pr[Ci] + (T +2)Lv(C;) Pr[Ci] + T+/2Pr[Ci]/en,
€T
which completes the proof by combining with Eqn. (49). O
6.12. Proofs of Theorems 5-8

It is observable that the proof of Theorem 8 is exactly the same as that of Theorem 4, and we will present the detailed
proofs for Theorems 5-7.

Proof of Theorem 5. We follow the proof of Theorem 1 and utilize Lemma 7 for multi-class learning. We first have

Rp(fs,,0) < Ex~py [I[x € Al] + Ex~D, [ [fo,5,(®) 7’5}’]H[X¢A]} (55)

Pr
Yy~ M@ (®),....nr (%)

where A = {x e X: v(C(&)) > (1 + €)~/d/k!/8}, Notice that Cq,Cy, ..., Cy is a partition of the instance space X from the
construction of random tree. By the law of total probability, we have

k
[fo.s,(®) # yIl[x ¢ A]] = pr[f@),sn (®) # ylx € Ci]Pr[x € GII[C; € A],

EXN'DX |:
i=1

Pr
Yy~ MM (R),....nz (X))

where we use C(x) = C; for every x € C;. From Eqn. (55), we have

Esy.o [RD(fs,.0)] < Ex-Dx [SPr@ [viceor=a+ e)ﬁ/kl/Sd]]

+Ee [i Es,[Prlfe.s,(®) # y|x € Ci]]Pr{x € G;]I[C; € A]:| . (56)
i=1
From Lemma 3, we have |
Ex~Da [ Pr [v[C(x)] >(1 +e)f/k1/8d]] < ﬁ (57)
From Lemma 7 and the definition of set A, we can bound Eqn. (56) as follows
i‘ s, [Pt fo,s, () # yIx € G Prix € GIIC; & Al < Ry + 2);}/;6)”5 ijr 2PrGT 3k (o)

. N en n
i=1 i=1

where we use the law of total expectation and R}, = Ex~p,[minjci¢){1 — n;j(*)}]. By Jensen’s inequality, we have
i‘:] VPI[C] < vk, and this follows that, from Eqns. (56)-(58),
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ed (T+2)A+e)Lvd 2k 3k
Es o[R )] < R% =4+
510 [Rp(f5,0)] < Rp + (1+€)k1/3d k1/8d Ven " n

We complete the proof by setting € =4/ e«/a/ (t +2)L—1 and combining with Lemma 1 and simple algebra calculations. O
Proof of Theorem 6. We follow the proof of Theorem 2 and utilize Lemma 7 for multi-class learning. We first have
Rp(fs,,0) < Ex~p, [I[x € Al] 4+ Ex~D, [ [fo.s,(X) # yIx]I[x ¢ A]] (59)

with A = {x € X: v(C(x)) > (14 €)+/d/k'/4}. Notice that C1, Cy, ..., Cy is a partition of the instance space X', and we have

k
[fo.s,®) # yll[x ¢ A]] = ZPF[f(a,sn (%) # ylx € Ci]Pr[x € GI[C; £ A].

EX’V'DX |:
i=1

This follows that, from (59),

Es,.0 [Rp(f5,.0)] < Ex-ny [Spr@ [vic@i=a+ e)ﬁ/k”“d]]
k
+Ee [Z Es,[Pr[fe.s,(®) # y|x € Ci]]Pr{x € G;]I[C; € A]} . (60)
i=1
From Lemma 16, we have
3d/2
1/4d
Ex~Dy [Sl:ro [v[C(x)] > (1+e)Vd/k ]] < S (61)
From Lemma 7 and the definition of A, we can upper bound Eqn. (60) by
k
. T+ +elvd 2k 3k
Y Es,[Prifo,s,®) # ylx € GilIPrx € GII[Ci € Az] < Ry, + Tad +Ty =+ —.
P k en n
This follows that, from Eqns. (60)-(61),
3d/2 (T+2)A +e)Lvd 2k 3k
Es,.o [Rp(fs,.0)] <Rp + (1 + €)3/2)1/3 68464 + K1/4d T T

2/5
We complete the proof by setting € = (9\/31&7*3.6&484 /4(t +2)L> — 1 and combining with Lemma 1 and some simple
algebraic calculations. O

Proof of Theorem 7. We follow the proof of Theorem 3 and utilize Lemma 7 for multi-class learning. Let C1, Ca, ..., C be
a partition of instance space X', which are associated with k leaves of random tree. Based on the law of total probability,
we have

k
Rp(fs,.0) =Y Prlfe.s,X) # ylx € CiIPrlx € GII[C; € A] (62)
i=1
k
+ ) Prlfe,s,(®) #ylx e CilPrix e GII[C; ¢ Al (63)

i=1
where A ={C;: all training examples in C; have the same label}.
We first study the case C; € A (i € [k]), and it holds that have, for ¥ > 2,

PrCi1Pr [ fo.s, (0 # y|x e /]
< PHGIPH|Ci N Snl < K1+ Prlfo,s,(®) # ¥[ICi N Sal > €, x € CAPI[|C; N Syl > k. X € il

From C;j € A, all training examples in C; have the same label, and assume that the labels of training examples in C; are all 1
without loss of generality. We have fg s,(%) =1 for all x € C;. Let 11(C;) = E[171(x)|x € C;] denote the expected conditional
probability over cell C;. If 71(C;) > 1 — €, then we have
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Table 1

Benchmark datasets.
datasets # instance # feature # label datasets # instance # feature # label
obesity 2,111 16 7 drybean 13,611 16 7
shill 6,321 9 2 eggeye 14,980 14 2
mfcc 7,195 22 4 magic04 19,020 10 2
firmteacher 10,800 16 4 letter 20,000 16 26
mapping 10,845 28 6 occupancy 20,560 5 3
pendigits 10,992 16 10 firewall 65,532 11

Pr{fo.s,(®) # y[|Ci N Snl > k', x € GIPI[|C; N Sy| > k,x € Ci] <€ ;

and if 71(C;) <1 —€ and C; € A, then we have

Pr( fo.s,(®) # y|ICi N Sul > k£, X € GiIPr[|C; N Sp| > &, x € C;] < Pr[|C; N Sp| > k] < exp(—ke) .
This follows that, for C; € A,

Pr{C;] Pr [f@,sn *®) # y‘x € Ci] < Pr[Gi]Pr[|C; N Sn| < k] + Pr[Cil(€ +exp(—ke)) .
By setting € = (Inx)/k, we have

1+Ink

PHCIIPr [ fo,s, () # y|x € | < PrIGiIPIIC; N Sul <] + PriCi]

Combining with Lemma 17, we can upper bound the Eqn. (62) as follows:

k
3 Prifs, 00 # vt < il Prix e GIIC € AT < o~ (1 + \/g) L (64)

“ K
i=1
We now consider the case C; ¢ A, i.e., the instances in C; have different labels. It is easy to get the height h(C;) >

log, k — 2 and the splitting times for each dimension are more than (log, k — 2)/d — 1 from the construction of random tree
in Algorithm 1. Hence, we upper bound the diameter of rectangle cell C; as follows:

1 (logy k—2)/d—1 21+2/df 8«/d_
v(Ci)E*/E(E) T d S kl/d :

This follows that, from Lemma 7 and Eqns. (62)-(64),

Es,.o[Rp(fs,0)]

2 1 8(r + 2)L\/_ 3k 2Pr[C ]
<R*D+_<1+ E) E T ogd Z
1 8(t +2)LvVd 3k 2k
<R*+— ~(1+1Ink M—l———l—r =
K k1/d n en

We have, by setting « = (,/nln n/k—‘ with algebra calculations,
Es,.o [Rp(fs,.0)]

. klnn 44k3lnn 1 nlnn 6k 2k 8(t+2)LvVd
<R} o= )y
n en k1/d

nlnn

Kl lal3Inn 6k 2 K 8t +2)LVd
R*D+2‘/<:n+4n—3m+7+(r\/;+l)\/g+% M=4k=2),

which completes the proof by combining with Lemma 1. O
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Fig. 1. The convergence curves of four random forests (PRFs, RFs, PRFsM and SRFs) on benchmark datasets.

7. Experiments

This section tries to present empirical studies to support our theoretical analysis. We conduct experiments on twelve
benchmark datasets,! and the details are summarized in Table 1. Most datasets have been used in previous studies of
random forests, and the features have been scaled to [0, 1] for all datasets.

We compare with four random forests, which have been studied theoretically in this work.

e PRFs: Purely random forests [11];

e RFs: Breiman'’s original random forests [12];

e PRFsM: Purely random forests with midpoint splits as shown in Section 3;

e SRFs: The simplified variant of Breiman’s original random forests as shown in Section 4.

All experiments are performed with Python 3 on an Intel Core i9-10900X processor under Ubuntu 20.04 with 128GB
RAM. For each datasets, five-fold cross-validation is executed to select the parameters of random trees, that is, number
of random trees m € {10, 20, - - - , 200} for ensemble and leaves number k € {500, 1000, - - - , 10000}. For Breiman’s original
random forests, we adopt the Gini index as the splitting criterion and randomly select [+/d| candidate features for splitting.

1 https://archive.ics.uci.edu/ml/datasets.php.
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Fig. 2. The influence of number of randomized trees on four random forests: PRFs, RFs, PRFsM and SRFs.

We take the test error as our performance measure for classification, which could directly support our theoretical results
on the convergence rates of different random forests to Bayes’ risk. This is different from random forests regression, which
generally takes mean squared error (MSE) as performance measure. For all datasets, we take five trials of 5-fold cross
validation, and the final test error is obtained by averaging over these 25 runs. We perform the log-log plots of test error
versus number of instances for all datasets, as shown in Fig. 1, which could make more clear empirical comparisons for
different random forests on their convergence rates.

As can be seen from Fig. 1, purely random forests (PRFs) show the slowest convergence curves for all datasets, which are
in coordination with Theorems 1 and 5 of the lowest convergence rates. In contrast, purely random forests with mid-point
split (PRFsM) take faster convergence than purely random forest empirically, which well supports our theoretical results
(Theorems 2 and 6). The simplified variant of Breiman’s random forests (SRFs) take faster convergence curves than PRFs and
PRFsM, because Theorems 3 and 7 show faster convergence rates theoretically.

It is also observable that, from Fig. 1, Breiman’s original random forests (RFs) take the fastest convergence curves for
all datasets, and an intuitive explanation is that random forests correlate the randomization process with data-dependent
tree structure based on the gini index criterion. However, theoretical understanding remains big challenges from a technical
view, and we leave it for future work.

We further exploit the influence of number of randomized trees (in voting) on the convergence of different random
forests, and Fig. 2 presents the log-log plots of test error versus number of randomized trees for all datasets. As we can see,
four different random forests (PRFs, RFs, PRFsM and SRFs) achieve relatively stable performance for all datasets when we
take more than 100 randomized trees (in voting). This evidence empirically supports Lemma 1 on the convergence rate of
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random forests from the average of randomized trees, and it is also in accordance with previous empirical studies on the
selection of 100 randomized trees in experiments for random forests [12,29,41,50].

8. Conclusion

Random forests have been recognized as one of the successful algorithms for classification and regression, and most
previous studies focus on the convergence analysis of random forests for regression. This work takes one step towards the
convergence analysis of random forests for classification. Specifically, we present the finite-sample convergence rates of
purely random forests, as well as the simplified variant of Breiman’s original random forests. We also achieve the same
convergence rates of random forests for multi-class learning as that of binary classification, yet with different constants. It is
still a long way to fully understand random forests with relevant mechanisms such as bootstrap sampling, data-dependence
tree structure, tree pruning, etc., and we leave those to future work.
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